Abstract: In this note, I present a new, elementary proof of the Nagata-Smirnov metrization theorem.
Proof. Let (X, τ ) be a metrizable space and let d be a metric for τ . Given m ∈ N, let the open covering C m = {B d (t, 1 m )|t ∈ X}. By Well-Ordering Principle, there exists a well-ordered set I which serves as an index set for the elements of X, so we may write C m = C i m . Fix an m ∈ N. For i ∈ I, n ∈ N define, inductively over n D m,n,i = {x ∈ X|B(x,
Let
We prove that (V µ ) µ∈N is a σ-locally finite base. Fix m * , n * ∈ N. We first show that the family {V m * ,n * ,i |i ∈ I} is locally finite. For x ∈ X let i * = min{i ∈ I|x ∈ C i m * } and choose n ∈ N such that B(x,
, either x ∈ V m * ,k,j for some j ∈ I and k < n or we have x ∈ V m * ,n,i * . Therefore,
. We prove that B(x, 1 2 n+k ) intersects V m * ,n * ,i for at most one i ∈ I. We have two cases to consider: (α) n * ≥ n + k; (β) n * < n + k. To prove case (α) suppose that y ∈ D m * ,n * ,i .
Since n * > n, (1) 
2 n * and with the triangle inequality we have
If n * > n, we have nothing to prove because of (α). Suppose that n > n * . Then, we have
. Therefore, for each m, n ∈ N the family {V m,n,i |i ∈ I} is locally finite. Since V µ is the finite union of locally finite families is locally finite. To prove that (V µ
) for some n ∈ N, i ∈ I and t ∈ X. Suppose that γ ∈ V 5m,n,i . Then, since V 5m,n,i has diameter at most 2 5m
To prove the converse, suppose that (X, τ ) admits a σ-locally finite base V = {V n |n ∈ N}. We can assume that each V n contains X and the empty set. Fix n ∈ N. For each x ∈ X, let M n x = {A|x ∈ A, A ∈ V n }, N n x = {X \ cl τ A|x ∈ X \ cl τ A and A ∈ V n } and U n = {M n x ∩ N n x × M n x ∩ N n x |x ∈ X} (cl τ A denotes the closure of A with respect to τ ). The family (U n ) n∈N is nested since for all m, n ∈ N, V m ⊆ V n implies U m ⊇ U n . Since V is a σ-locally finite base, M n x , N n x are open and for each x ∈ X, U n (x) is a neighborhood system at x which generates τ . Let x ∈ X and n ∈ N. Since (X, τ ) is regular and (U n ) n∈N is nested, we may choose m ∈ N (m > n) and B ∈ V m so that
If y / ∈ U n (x), then y ∈ X \cl τ B and N m y ∩B = ∅. It follows that N m y ∩U m (x) = ∅ which implies that U 2 m (x) ⊆ U n (x). Inductively we define a sequence (W n ) n∈N of neighborhnets of X as follows:
It is easy to check that W 2 n+1 ⊆ W n . It follows that (W n ) n∈N is a base for a uniformity which is compatible with τ (W n ⊆ U 2 n ). We define the functions f and d on X × X by setting: f (x, y) = inf { 1 n |n ∈ N and y ∈ W 2 n (x)} and
f (x i , x i+1 )|n ∈ N, x i ∈ X for each i, x 0 = x and x n+1 = y}.
Clearly, by definition, d is a metric on X. It remains to prove that τ d = τ . We first prove that d(x, y) ≤ f (x, y) ≤ 2 n d(x, y) for each x, y ∈ X. The first inequality is evident. To see the second one, we first show that
The inequality clearly holds in case max(f (x, z), f (z, y)) = 1. Suppose that y) ). We now prove that for all x 0 , x 1 , ..., x n+1 ∈ X we have
For n = 1, the inequality reduces to f (x 0 , x 2 ) ≤ 2f (x 0 , x 1 ) + 2f (x 1 , x 2 ) and this holds by (5) . Assume that the result has been proved for n = k. Then for all x 0 , x 1 , ..., x k+1 ∈ X we have
f (x i , x i+1 )|k ∈ N, x i ∈ X}.
But then, by using (5) we have f (x 0 , x k+1 ) ≤ 2f (x 0 , x k ) + 2f (x k , x k+1 ) ≤
f (x i , x k+1 )|k ∈ N, x i ∈ X}. Therefore, (6) holds. So we have that f (x, y) ≤ 2 n d(x, y) as required. To prove that τ ⊆ τ d , let y ∈ B d (x, 1 2 2n ). Then we have that f (x, y) ≤
